Owing to their long phonon mean free paths (MFPs) and high thermal conductivity, carbon nanotubes (CNTs) are ideal candidates for, e.g., removing heat from electronic devices. It is unknown, however, how the intrinsic phonon MFPs depend on vibrational frequency in non-equilibrium. We determine the spectrally resolved phonon MFPs in isotopically pure CNTs from the spectral phonon transmission function calculated using non-equilibrium molecular dynamics, fully accounting for the resistive phonon-phonon scattering processes through the anharmonic terms of the interatomic potential energy function. Our results show that the effective room temperature MFPs of lowfrequency phonons (f < 0.5 THz) exceed 10 µm, while the MFP of high-frequency phonons (f 20 THz) is in the range 10-100 nm. Because the determined MFPs directly reflect the resistance to energy flow, they can be used to accurately predict the thermal conductivity for arbitrary tube lengths by calculating a single frequency integral. The presented results and methods are expected to significantly improve the understanding of non-equilibrium thermal transport in low-dimensional nanostructures.
Owing to their long phonon mean free paths (MFPs) and high thermal conductivity, carbon nanotubes (CNTs) are ideal candidates for, e.g., removing heat from electronic devices. It is unknown, however, how the intrinsic phonon MFPs depend on vibrational frequency in non-equilibrium. We determine the spectrally resolved phonon MFPs in isotopically pure CNTs from the spectral phonon transmission function calculated using non-equilibrium molecular dynamics, fully accounting for the resistive phonon-phonon scattering processes through the anharmonic terms of the interatomic potential energy function. Our results show that the effective room temperature MFPs of lowfrequency phonons (f < 0.5 THz) exceed 10 µm, while the MFP of high-frequency phonons (f 20 THz) is in the range 10-100 nm. Because the determined MFPs directly reflect the resistance to energy flow, they can be used to accurately predict the thermal conductivity for arbitrary tube lengths by calculating a single frequency integral. The presented results and methods are expected to significantly improve the understanding of non-equilibrium thermal transport in low-dimensional nanostructures. The small atomic mass, rigid sp 2 -bonding and high structural order of carbon atoms in carbon nanotubes and graphene gives rise to exceptional mechanical and thermal properties. For example, the thermal conductivity (TC) of carbon nanotubes has been theoretically predicted [1] [2] [3] [4] [5] [6] [7] and experimentally measured [8] [9] [10] [11] to be in the range 500-7000 W/(mK) at room temperature, depending on, e.g., the tube chirality, tube length and experimental setups [12] . The high TC, mechanical strength and the vast possibilities of chemical functionalization make carbon nanotubes attractive for applications aiming at, e.g., efficient heat removal in electronics [13] , thermoelectric interface materials [14, 15] and phonon waveguides and rectifiers [16, 17] .
Heat is carried in CNTs primarily by the propagating lattice vibrations, phonons [18] . One of the key unknown factors determining the phononic TC in isotopically pure nanotubes is the mean free path (MFP) describing the characteristic distance of resistive phonon-phonon scattering events. The effective MFP in CNTs has been experimentally estimated to be in the range 500-750 nm at room temperature [8, 9] . These estimates are based, however, on a kinetic formula, which is known to underestimate the true MFP [19] and cannot account for the strong dependence of MFP on the phonon frequency [20] [21] [22] [23] [24] . In general, the frequency-dependence of MFPs is visible, e.g., in the thermal conductivity accumulation function [25, 26] , whose experimental measurement has been recently enabled by advanced spectroscopic techniques [27] [28] [29] [30] .
The frequency-dependent MFPs have been previously determined theoretically either from the decay of the mode energy correlation function [31, 32] in equilibrium molecular dynamics (EMD) simulations [5, 33] or by calculating the phonon-phonon scattering rates from first principles [21-24, 34, 35] . While it is known that only the Umklapp scattering processes can directly generate thermal resistance due to the change in crystal momentum [36] [37], both normal and Umklapp scattering processes contribute to redistributing the mode energy. Therefore, the MFPs obtained from EMD simulations do not directly reflect the decay of the heat flux in non-equilibrium [36] . In first principles calculations, on the other hand, typically only three-phonon scattering in the first order is considered. Higher-order scattering processes and four-phonon scattering processes are either neglected or treated approximately [22] . In addition, determining TC from the first-principles scattering rates requires [24] the solution of the highly complicated Boltzmann equation.
In this letter, we provide an in-depth evaluation of the frequency-dependence of the effective phonon MFPs and phonon transmission functions based on non-equilibrium molecular dynamics (NEMD) simulations and the very recently developed expressions for spectrally decomposing the non-equilibrium heat current [38] . The obtained phonon MFPs reflect the length-dependence of the transmission function arising from the phonon-phonon interactions implicitly included in our simulations through the anharmonic terms in the interatomic potential energy function. Because the non-equilibrium heat current inherently accounts for the different roles of normal and Umklapp processes in generating thermal resistance, the determined MFPs capture the subtle interplay of normal and Umklapp processes. In contrast to first-principles Inside the unthermalized region of length L, phonons traveling between the heat baths undergo phonon-phonon scattering processes. Whereas the normal scattering processes only redistribute phonon energies, the Umklapp processes generate thermal resistance, giving rise to the length-dependence of the spectral heat current q(ω) evaluated at the middle crosssection of the tube (thick dashed line).
calculations of MFPs, NEMD also accounts for all orders of all phonon-phonon interactions and the effective MFPs can be directly used to predict TC, as shown below.
Theory. We study thermal conduction in a singlewalled CNT using the computational NEMD setup schematically depicted in Fig. 1 . To generate the heat current through the tube, the atoms located within the distance L bath from the left and right ends of the tube are coupled to hot and cold Langevin heat baths at temperatures T + ∆T /2 and T − ∆T /2, respectively. Two left and right-most translational unit cells are maintained at fixed positions to prevent large deformations and moving of the tube. The setup eliminates the contact resistance between the tube and the heat baths when the bath coupling time constant τ bath is small and L bath is large [38] , ensuring that the spectral heat current is only limited by the internal conductance of the nanotube and does not depend on τ bath and L bath .
The harmonic part of the spectral heat current through the cross-section at the center of the tube depicted by the thick dashed line in Fig. 1 is obtained from the recently developed expression [38] 
(1) Here the sets of atoms located left and right of the crosssection are denoted byL andR, respectively, and t simu is the simulation time. The interatomic force constants k (1) are given in the supplemental material [39] .
To access the frequency-dependent MFPs, we define the generalized phonon transmission function as
In the ballistic limit, this transmission function is simply equal to M (ω), the number of propagating modes [40] , which can be determined from the phonon bandstructure shown in the supplemental material [39] . The anharmonic phonon-phonon interactions incorporated in NEMD render the transmission function (2) dependent on the tube length L, which can be phenomenologically taken into account through the relation [41] [42] [43] [44] T
where Λ(ω) is the effective phonon MFP. Equation (3) smoothly interpolates between the ballistic [
It can be derived by treating the phonon-phonon scattering events as resistance sources and combining the resistances incoherently [41] or from the Boltzmann transport equation under the frequency-dependent relaxation time approximation [44] . Equation (3) has been previously used [42, 43] to develop simplified models for the ballistic-diffusive transition in CNTs. Here, in contrast, we use Eq. (3) to determine the mean free paths from the relation between T (ω), M (ω) and tube length L. This procedure was also used by Savic, Mingo and Stewart [45] to determine the impurity scattering MFPs in CNTs, but the harmonic Green's function simulations they used could not account for the phonon-phonon interactions incorporated in our simulations through the anharmonic terms in the interatomic potential.
Results. The numerical results will be calculated for an armchair CNT with (10,10) chirality. The diameter of the (10,10) tube is d = 1.36 nm. The optimized Tersoff potential [46] is used for modeling the interatomic interactions. The simulation time step is 0.5 fs, the duration of the data collection run t simu = 25 ns, the bath coupling time constant is chosen as τ bath = 1 ps and the length of the thermalized regions L bath = 36 nm. The mean bath temperature is fixed at T = 300 K and the values of temperature bias ∆T are ∆T = 60 K, ∆T = 100 K, and ∆T = 200 K for L ≤ 800 nm, L ∈ {1, 2} µm, and L = 4 µm, respectively. The simulations are performed using the LAMMPS simulation package [47, 48] . T (ω) = q(ω)/(kB∆T ) for various tube lengths at T = 300 K, determined from the NEMD simulations. As expected, increasing the tube length reduces the transmission. For L = 0.5 nm, the spectral conductance is very close to the ballistic value M (ω) determined by counting the number of propagating modes from the phonon bandstructure [39] .
transmission through such a short tube is, as expected, practically equal to the ballistic value M (ω), the number of propagating modes in a (10,10) CNT (black, solid line), showing that the heat current flowing in the tube is only limited by the number of propagating modes and not by contact resistance to heat baths. As the tube length is increased to L = 50 nm, the transmission function decreases significantly due to phonon-phonon scattering. The decrease in the transmission is especially strong in the high frequencies due to the large available phase-space for phonon-phonon scattering and the small group velocity. For f 5 THz, the transmission is still nearly equal to the ballistic value for L = 50 nm, suggesting that MFP in this frequency range is longer than 50 nm. For L = 1 µm, the transmission is close to ballistic below 1 THz, implying that such lowfrequency modes can propagate ballistically even through a 1-µm-long tube.
The MFPs obtained by fitting Λ(ω) to Eq. (3) are shown in Fig. 3 Fig. 4 shows TC κ = QL/(A∆T ) determined from NEMD simulations as a function of tube length L. Here A is the interfacial area of tube, typically defined [12] for the hollow tube as A = πd× 0.34 nm, and we assume dT /dx ≈ −∆T /L for the temperature gradient to allow comparison to theory (see below). The total average heat current Q can be determined either by integrating the spectral heat current q(ω) over the positive frequencies or from the average power exchange with the heat baths. Figure shows that TC increases as a function of tube length L even up to L = 4 µm, the longest simulated tube length. The spectral decomposition
of TC shows that the low-frequency phonons (f 3 THz) are primarily responsible for the increase of conductivity in the longest simulated tubes (not shown). Because simulations for long tubes are very timeconsuming, we have estimated TC for arbitrary L by using the MFPs shown in Fig. 3 and the spectral decomposition in Eq. (4). parts of the integral contribute to the TC by separately showing the high-frequency contribution κ high-f and the total κ = κ low-f + κ high-f , where MFP in κ low-f has been assumed to scale as Λ(ω) ∝ ω −1 or Λ(ω) = 25 µm. The conductivity κ high-f due to high-frequency phonons predicts the conductivity very well for all the simulated tube lengths, but the contribution of the low-frequency component κ low-f determines the scaling of TC for longer lengths. This contribution depends sensitively on the exact spectral form of low-frequency MFP [39] , which we cannot extract reliably from the current simulations. If Λ(ω) scales as Λ(ω) ≈ v/ω for ω → 0 + , TC diverges logarithmically [39] . If MFP diverges more slowly or tends to a constant, κ converges as shown in Fig. 4 .
The relaxation times of the four acoustic phonon modes in CNTs have been earlier determined from EMD simulations [33] and first-principles calculations [21, 23, 35] . To compare our results to these calculations, we have separately determined the relaxation times for different angular wavenumbers in the supplemental material [39] by decomposing the transmission as T (ω) = k θ T (ω; k θ ), where k θ ∈ {−n/2 + 1, . . . , n/2} is the angular wavenumber specifying the variations in phonon amplitude along the tube circumference. The results show that the relaxation time for k θ = 0, which corresponds to the longitudinal (LA) and twist (TW) modes with the atoms vibrating along the tube axis and circumference [49, 50] , respectively, obeys the power-law τ (ω; k θ = 0) ∼ ω −1.23 between 0.6 and 10 THz. The relaxation time for k θ = 1, corresponding to the flexural (F) mode with quadratic dispersion at low frequencies, is found to be τ (ω; k θ = 1) ∼ ω −1.08 for 0.2-10 THz. The found scaling laws for τ (ω; k θ ) differ from the traditional Umklapp scattering life-time τ U (ω) ∼ ω −2 , which has been applied in multiple works to estimate the length-dependence of TC in CNTs [42, 51, 52] , but which may not be applicable for CNTs due to the strict selection rules for phonon-phonon scattering [23, 24] . EMD simulations [33] have suggested τ (ω) ∼ ω −1.1 scaling for the TW phonon life-time in a (10,10) tube, which is close to τ (ω; k θ = 0) ∼ ω −1.23 we found from NEMD. On the other hand, the same equilibrium simulations also predict τ (ω) ∼ ω −2 for the flexural (F) mode, in contrast to τ (ω; k θ = 1) ∼ ω −1.08 found from NEMD. These differences demonstrate that the relaxation times determined from NEMD are not directly comparable to the relaxation times determined from EMD or first principles calculations: the latter methods reflect the total scattering rate in thermal equilibrium, neglecting the different roles of normal and Umklapp processes in generating thermal resistance and their complicated interplay in non-equilibrium situations. Considering that thermal transport is inherently a non-equilibrium process, we expect that the relaxation times determined from the NEMD simulations are the actually relevant scattering times that can be used to make predictions of, say, the length-dependence of TC. Quantum effects, which are expected to reduce the scattering rates particularly at low temperatures, could also be partially included in the NEMD method by replacing the classical heat baths employed in this work by quantum heat baths [53] .
Conclusion.
We have determined the frequencydependent transmission function and phonon mean free paths in carbon nanotubes from nonequilibrium molecular dynamics simulations. The calculations relied on determining the spectral heat current for different tube lengths. Because our simulations exclude both boundary and impurity scattering, the MFPs reflect the scattering length in infinitely long, pristine tubes. Our results showed that the MFPs are approximately proportional to ω −0.97 over a wide range of frequencies and exceed 10 µm for the low-frequency (f < 0.5 THz) phonons. This leads to a thermal conductivity that increases as a function of tube length even in 4-µm-long tubes. The determined MFPs can be used to accurately predict the thermal conductivity of tubes shorter than 4 µm and they also provide insight into the conductivity of longer tubes.
The presented methods for determining the contributions of different vibrational frequencies to thermal transfer are expected to be very useful in thermal engineering of carbon nanotube devices. Such calculations can be expected to improve, for example, the efficiency of thermoelectric materials by guiding the engineering process aiming at enhancing the contact to the heat source and sink. The method can also deliver transparent picture of the effect of non-linearities on thermal transfer, which is vital in enhancing the performance of non-linear thermal devices such as thermal diodes [17] . More efficient design of such non-linear devices could eventually enable information processing using phonons [54] .
